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ABSTRACT
Time delay in galaxy gravitational lensing systems has been used to determine the value of
Hubble constant. As in other dynamical phenomena at the scale of galaxy, dark matter is often
invoked in gravitational lensing to account for the “missing mass” (the apparent discrepancy
between the dynamical mass and the luminous mass). Alternatively, modified gravity can be used
to explain the discrepancy. In this paper we adopt the Tensor-Vector-Scalar gravity (TeVe S),
a relativistic version of MOdified Newtonian Dynamics (MOND), to study gravitational lensing
phenomena and derive the formulae needed to evaluate the Hubble constant. We test our method
on quasar lensing by elliptical galaxies in the literature. We focus on double-image systems with
time delay measurement. Three candidates are suitable for our study: HE 2149-2745, FBQ
J0951+2635 and SBS 0909+532. The Hubble constant obtained is consistent with the value used
in fitting the CMB result in neutrino cosmological model.
Subject headings: dark matter - Gravitation - Gravitational lensing: strong - quasars: individual(HE
2149-2745,FBQ J0951+2635,SBS 0909+532)
1. Introduction
The Hubble constant H0 is a long-debated
quantity in cosmology for more than half a cen-
tury. Basically, it comes from the relation between
the cosmological distance and the receding veloc-
ity of galaxies, v = H0d. Its inverse represents the
age of the universe.
The value of H0 is sensitive to the way we es-
timate the distance. Its value has been estimated
by many distance-determination methods, such
as Cepheids, tip of the red giant branch, maser
galaxies, surface brightness fluctuations, Tully-
Fisher relation, Type Ia supernovae, gravitational
time delay, Sunyaev-Zel’dovich (SZ) effect, and
the cosmic microwave background (CMB) (for
details see Jackson 2007; Freedman & Madore
2010). In this work, we focus on gravitational
lensing and time delay. Obtaining H0 by grav-
itational time delay was introduced by Refsdal
(1964). Bright variable sources are needed and
Refsdal suggested supernovae. Subsequent works
on H0, however, used quasar lensing. Now there
are 18 systems of quasar lensing with time delay
measurement (Paraficz & Hjorth 2010).
One advantage of using time delay to de-
rive the Hubble constant is that it is less sen-
sitive to cosmological models. Thus it pro-
vides a more direct probe of the cosmologi-
cal distance (Freedman & Madore 2010). How-
ever, there are some uncertainties in determin-
ing the mass distribution by image deflections
and distortions from gravitational lensing. This
is commonly known as “mass sheet degener-
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acy” (Gorenstein et al. 1988). Another source
of uncertainty in mass is, of course, the missing
mass problem. Missing mass is a long standing is-
sue. Oort (1932) and Zwicky (1933) were the first
to put forward the notion of missing mass in our
Galaxy and the Coma cluster. The missing mass
problem was neatly confirmed by the observed flat
rotation curve in spiral galaxies (Rubin & Fort
1970; van Albada et al. 1985; Begman 1989). For
various aspects on the history of missing mass,
the reader is referred to Sanders (2010). Nowa-
days, missing mass exists in nearly all types of
galactic systems, clusters of galaxies, large scale
structure and CMB. In fact, the problem should
be interpreted in terms of excess acceleration or
gravity, i.e., there are some accelerations which
cannot be accounted for by the luminous mat-
ter only. To compensate the excess acceleration
one can, on the one hand, introduce dark mat-
ter into the system. On the other hand, one
can modify Newton’s law of motion or the law
of gravity. Milgrom (1983) proposed the MOd-
ified Newtonian Dynamics (MOND) to explain
both the flat rotation curve and the Tully-Fisher
relation (Tully & Fisher 1977). MOND asserts
that when the acceleration of an object, which is
under the influence of gravity only, is smaller than
about a0 = 1.21× 10−10 m s−2, Newton’s second
law of motion no longer holds. The acceleration of
the object is not proportional to the gravitational
force exerted on it. The proposed modification is
µ˜(|a|/a0)a = −∇ΦN = aN , (1)
where a is the acceleration of the object and ΦN is
the Newtonian gravitational potential. The func-
tion µ˜(x) is called the interpolation function. It
is a monotonically increasing function which con-
nects the Newtonian and the deep MOND regimes.
With x = |a|/a0, µ˜(x) ≈ 1 for x ≫ 1 (Newtonian
regime), and µ˜(x) ≈ x for x ≪ 1 (deep MOND
regime). In later calculations, we will consider
spherically symmetric model. It is useful to in-
troduce the inverted interpolation function ν˜ such
that
a = −∇Φ = ν˜(|aN|/a0)aN . (2)
For convenience we call ΦN the Newtonian poten-
tial and Φ the MONDian potential.
MOND is very successful in explaining the dy-
namics of galactic systems (see the review by
Sanders & McGaugh 2002). Recently, McGaugh
(2011a, 2012) showed that MOND can per-
fectly explain the Tully-Fisher relation in gas
rich spiral galaxies without invoking uncertainty
parameters such as the mass-to-light ratio of
galaxies. As usual the result created some
debate (Foreman & Scott 2012; Gnedin 2011;
McGaugh 2011b). Nevertheless, many consider
that MOND is not quite successful on the clus-
ter of galaxies scale (see e.g., Aguirre et al. 2001;
Clowe et al. 2006; Angus & McGaugh 2008). A
recent study on the gravitational redshift of clus-
ters of galaxies (Wojtak et al. 2011) has gener-
ated some debate on whether MOND is appli-
cable to the cluster scale, although it seems that
MOND does not have difficulty in interpreting the
data (Bekenstein & Sanders 2012). In any case,
the original MOND is a non-relativistic theory
and cannot be applied to relativistic phenomena
such as a gravitational lens and cosmology. Two
decades after the original proposal by Milgrom
(1983), Bekenstein (2004) proposed the Tensor-
Vector-Scalar (TeVe S) covariant relativistic grav-
ity theory with MONDian dynamics as its non-
relativistic limit. Adopting TeVe S, Chiu et al.
(2006) derived the corresponding strong lens equa-
tion. More recently Milgrom (2009) proposed
another relativistic version of MOND called Bi-
MOND. It turns out that TeVe S and BiMOND
have identical gravitational lensing equations.
The lens equation has been applied to some
galaxy lensing data, in which the mass of the
galaxies has been calculated and compared with
population synthesis (e.g., Zhao et al. 2006; Ferreras et al.
2008; Chiu et al. 2011). In a related work,
Sanders & Land (2008) showed that the MON-
Dian lensing mass is consistent with the dynami-
cal mass deduced from the fundamental plane of
elliptical galaxies.
In a recent study Ferreras et al. (2012) claimed
that strong lens data is in conflict with the MOND
paradigm. They found that the mass deduced by
gravitational lensing is larger than the value in-
ferred by population synthesis. However, uncer-
tainties still abound. In their paper, for more than
half of the sample (five out of nine) the lens con-
tains more than one galaxy. Evaluation of the
MONDian acceleration of a non-spherical mass
distribution is still in its infancy. It is not clear
how they solved the problem of arbitrary mass
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distribution or access the uncertainty involved in
their paper. In fact, population synthesis depends
on a range of factors and physics of the lensing
galaxy, where uncertainties are not easy to esti-
mate. For instance, the estimated mass may differ
a lot if a different initial mass function (IMF) is
used, e.g., in Ferreras et al. (2012) the mass ob-
tained by the Salpeter IMF can be a factor of two
larger than the Chabrier IMF. How to reduce the
uncertainties is not clear at this stage.
In this work, we turn our attention to the Hub-
ble constant. If the derived Hubble constant is not
consistent with other independent measurements,
then the theory will be in trouble. If the time
delay of the images of the lensing system can be
measured, then in addition to strong lens equa-
tion we have another simple method to estimate
the mass of the lens. Unlike dark matter theory
in which the mass model is adjustable, no mass is
non-luminous in MOND at the galaxy scale, and
the mass density profile can be deduced solely from
the brightness distribution. Equating the mass ob-
tained by the lens equation and the time delay
equation gives a relation between the acceleration
constant a0 and the Hubble constant H0. Time
delay provides another test for MOND or other
theories.
In the following, we describe the lens equation
and the time delay equation in MOND. A discus-
sion on some limiting cases is given before apply-
ing our method to the data available in the liter-
ature. We find three candidates suitable for our
study. They are HE 2149-275, FBQ J0951+2635
and SBS 0909+532. Some concluding remarks will
be given at the end.
2. Gravitational Lensing and Time Delay
in Relativistic MOND
The discussion on light deflection due to the
gravitational force can be traced to Newton’s
Opticks. The modern view of light deflection is
a relativistic gravitational effect, in which both
the time-like and space-like part in the metric
contribute to the deflection angle. Using the Gen-
eral theory of Relativity (GR), Einstein derived a
deflection angle which is just twice the Newtonian
one. It turns out that the deflection angle derived
from TeVe S or BiMOND is also twice the Newto-
nian one (i.e., the same as GR)—except that the
Newtonian potential is replaced by the MONDian
potential. The deflection angle by a spherical lens
in the small angle approximation can be written
as (Chiu et al. 2006, 2011)
∆ϕ = 2
∫
a⊥
dt
c
≈ 2̺0
c2
∫ D′
L
−DLS
1
̺
∂Φ(̺)
∂̺
dζ , (3)
where c is the speed of light, θ is the image posi-
tion, ̺ is the distance from the center of the spher-
ical lens, ̺0 ≈ DLθ is the closest approach of the
light path from the center of the lens, ζ2 = ̺2−̺20,
and Φ(̺) is the MONDian potential. DL, D
′
L and
DLS are the angular distances of the lens from the
observer, the observer from the lens and the source
from the lens, respectively. The direction of the
image is in the direction of the closest approach
(projected on the sky). For a spherical lens there
are two images located at both side of the source,
and the governing equation (called the lens equa-
tion) is given by
β = θ+−α(θ+) = α(θ−)−θ− , α(θ) = ∆ϕDLS
DS
,
(4)
where β is the source position and θ± are the im-
age positions. The upper sign denotes an image on
the same side as the source and the lower sign on
the opposite side of the source. α(θ) is commonly
called the reduced deflection angle.
Time delay is defined as the difference in time
traveled by light along the actual path and along
the undeflected path. It can be derived from Fer-
mat’s principle or from the geodesic equation in
relativistic gravitation theory. As with the deflec-
tion angle, the form of the time delay is the same
for GR and MOND (with the Newtonian potential
for GR and the MONDian potential for MOND),
t(θ) =
(1 + zL)
c
[
DLDS
2DLS
α(θ)2 −
∫ D′
L
−DLS
2Φ(̺)
c2
dζ
]
.
(5)
The first and second term in Equation (5) are re-
ferred to as the geometric and the potential time
delay. In the cases where the difference in time de-
lay of the two images is available, the value of H0
(and the mass of the lens as well) can be obtained
by solving the time delay difference equation (time
delay equation for short)
∆t = t(θ−)− t(θ+) , (6)
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and the lens equation Equation (4).
To illustrate the ideas, we start with a simple
example. We consider a point mass lens in Beken-
stein form. Bekenstein form is a frequently used
interpolation function with a very simple inverted
form ν˜(xN) = 1 + 1/
√
xN (where xN = |aN|/a0).
Equation (2) becomes
∂Φ
∂̺
=
∂ΦN
∂̺
+
√
a0
∂ΦN
∂̺
,
∂ΦN
∂̺
=
GM
̺2
. (7)
The corresponding lens equation and time delay
equation are
θ+θ−
θ2E
= 1 +
θ+θ−
(θ+ + θ−)
π
θ0
, (8)
D˜LS
D˜LD˜S
H0∆t
(1 + zL)
=
1
2
(
θ2+ − θ2−
)
+ θ2E log
(
θ+
θ−
)
,
(9)
where
θ2E =
4GMDLS
c2DLDS
, θ20 =
GM
a0D2L
. (10)
θE is called the Einstein radius. In Equa-
tion (9), the angular distance is normalized to
c/H0, i.e., DL = (c/H0)D˜L, DS = (c/H0)D˜S,
DLS = (c/H0)D˜LS. Moreover, D˜L, D˜S, D˜LS de-
pend on the redshift z only and not on H0.
It is interesting to note that the time delay
equation for a point mass lens in GR is exactly
the same as Equation (9). (In fact, this is also
true for a lens with Hernquist profile, which we
use in next section.) We can use θ0 to characterize
the different regimes. If the gravitational acceler-
ation at the closest approach is much larger than
a0 (i.e., θ ≪ θ0), it is in the Newtonian regime,
and if the acceleration is much smaller than a0
(i.e., θ ≫ θ0), it is in the deep MOND regime.
From Equation (8), we know that θ2E → θ+θ− as
θ± ≪ θ0 (Newtonian) and θ2E ≈ θ0(θ+ + θ−)/π
as θ± ≫ θ0 (MONDian). The deduced θE (hence
the mass) from MOND is smaller than that of GR
(which is what MOND is designed for). Hence
the deduced Hubble constant H0 from MOND is
smaller than that of GR (see Equation (9)). In
Figure 2, we plot the relation of H0 against ∆t for
a point mass model in MOND and GR. We also
plot the relation for the Hernquist model, which
will be useful in next section.
Although the time delay equations for point
mass lens in GR and MOND in Bekenstein form
have exactly the same form as shown in Equa-
tion (9), there is one subtle difference. In both
GR and MOND, the geometric time delay ∆tG
can be written as
D˜LS
D˜LD˜S
H0∆tG
(1 + zL)
=
θ2E
2θ+θ−
(
θ2+ − θ2−
)
. (11)
In GR θ2E = θ+θ−, hence the first term of Equa-
tion (9) is the geometric time delay in GR. How-
ever, because of Equation (8), the geometric time
delay in MOND is less that the first term in Equa-
tion (9). The interesting fact is the potential time
delay ∆tP in MOND (Bekenstein form for point
mass and Hernquist model) is
D˜LS
D˜LD˜S
H0∆tP
(1 + zL)
= θ2E
[
log
(
θ+
θ−
)
+
π
2θ0
(θ+ − θ−)
]
= θ2E
[
log
(
θ+
θ−
)
+
1
2
(θ2+ − θ
2
−)
(
1
θ2
E
−
1
θ+θ−
)]
.
(12)
Thus part of the potential time delay cancels the
geometric time delay “exactly”, and renders the
total time delay to have the same form as in GR.
Therefore, the terms in Equation (9) have a clear
identification, namely, the first term is the geo-
metric time delay and the second is the potential
time delay, but it is not so in MOND, where the
first term of Equation (9) is partly geometric and
partly potential, and the second term is part of
the potential time delay. Moreover, when one ap-
proaches the deep MOND regime (θ0/θ± → 0),
θE → 0 and the MONDian geometric time delay
and the second term in Equation (9) tend to zero.
The time delay becomes solely potential time de-
lay.
In the deep MOND regime, the interpolation
function becomes µ˜(a/a0) ≃ a/a0. If the extent of
the luminous matter is also much smaller than θ
(i.e., can be modeled practically by a point mass),
then the time delay difference is solely determined
by the potential time delay, because the deflection
angle approaches a constant in the deep MOND
regime (Chiu et al. 2006). In this case, the time
delay (difference) equation is independent of the
choice of interpolation function,
D˜LS
D˜LD˜S
H0∆t
(1 + zL)
=
1
2
(
θ2+ − θ2−
)
. (13)
We emphasize that Equation (13) does not have
any free parameters for the interpolation function
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or the mass of the lens, not even a0 (the utmost
important constant of MOND). a0 and the mass of
lens are hidden in the lens equation, Equation (8).
We point out that Equation (13) is identical to
GR with an isothermal lens model (see Witt et al.
2000). This is expected as both potentials have
the same form, namely, a logarithmic potential.
However, Equation (13) in MOND is valid only
in the deep MOND regime. Now if some data
satisfies Equation (13) and is in the Newtonian
regime (θ ≪ θ0), this will constitute a possible
falsification of relativistic MOND, at least in the
simple formulation we presented here.
3. Data and Modeling
Although hundreds of examples of quasar lens-
ing have been found, only a few have been mea-
sured with gravitational time delay. This method
has been proven difficult because the amplitude
of quasar variability is quite small, A clear and
simple modeled relative image is hard to iden-
tify (see e.g., Freedman & Madore 2010). As far
as we know only 18 strong lenses have time delay
measured (Paraficz & Hjorth 2010). To test our
theory, we select elliptical galaxy lensing systems
with double images. Only 5 cases satisfy our cri-
teria. They are HE 2149-275, FBQ J0951+2635,
SBS 0909+532, SDSS J1650+4251 and HE 1104-
1805. The rest are clusters, spiral galaxies, mul-
tiple images or multiple lens, which require an
analysis beyond the scope of this paper and in-
volve more uncertainty. Moreover, the lens galaxy
in SDSS J1650+4251 is very dark. It does not
have a reliable effective radius. The uncertainty
in time delay measurement in HE 1104-1805 is too
large. This brings us to a total of three candidates:
HE 2149-275 (Wisotzki et al. 1993; Burud et al.
2002), FBQ J0951+2635 (White et al. 2000;
Jakobsson et al. 2005), SBS 0909+532 (Lubin et al.
2000; Ullan et al. 2005). Table 1 lists some prop-
erties of these three selected systems.
A rough estimation gives that the gravitational
acceleration of the three systems ranges from 10−9
m s−2 to 10−10 m s−2. Thus these gravitational
lenses are not in the deep MOND regime. We need
to pick an interpolation function. In the literature
several practical forms have been used, such as,
the Bekenstein form µ˜(x) = (−1 +√1 + 4x)/(1 +√
1 + 4x) (Bekenstein 2004), the simple form
Table 1: Data of the three selected quasar lenses
with time delay difference measurement. The unit of θ±
is arcsecond. Effective radius in H band is used for the
objects HE 2149-2745, FBQ J0951+2635 (Kochanek et al.
2000), and SBS 0909+532 (Lehar 2000). Ellipticity ǫ =
1 − b/a is measured in the R band (Lopez et al. 1998;
Jakobsson et al. 2005).
Name zl zs θ
′′
+ θ
′′
− θ
′′
eff
ǫ ∆t(days)
HE2149-2745 0.495 2.030 1.354 0.344 0.501 0.5 103±12
FBQJ0951+2635 0.240 1.246 0.879 0.221 0.166 0.25 16±2
SBS0909+532 0.830 1.376 0.756 0.415 1.580 - 45+1−11
µ˜(x) = x/(1 + x) (Famaey & Binney 2005), and
the standard form µ˜(x) = x/
√
1 + x2 (Milgrom
1983). Recently, a theoretical form derived from
quantum effects in an accelerating universe was
proposed µ˜(x) = (
√
4x2 + 1 − 1)/2x (Ho et al.
2010). All these forms can be put into a canon-
ical form (Chiu et al. 2011). The corresponding
inverted canonical interpolation function is
ν˜(xN) =
[
1 +
1
2
(√
4x−α
N
+ η2 − η
)]1/α
. (14)
In the following calculations we take the Beken-
stein form, i.e., (α, η) = (1, 0).
The surface brightness profile of the lens ellip-
tical galaxies satisfies the de Vaucouleurs’ profile.
We, therefore, adopt the Hernquist mass density
profile (Hernquist 1990). The Newtonian gravita-
tional potential and acceleration of the Hernquist
model are
ΦN = − GM
(̺+ ̺h)
,
∂ΦN
∂̺
=
GM
(̺+ ̺h)2
, (15)
where the Hernquist radius ̺h is 0.551 times the
effective radius (or half-light radius). The gradi-
ent of the MONDian potential is given by Equa-
tion (2). The lens equation and the time delay
equation for the Hernquist lens in Bekenstein form
are described in Appendix A.
Different cosmological models give a different
angular distance for the same redshift. MOND
has been criticized that it can not form large-
scale structure. Basically, the criticism originated
from an argument in GR with baryons only. How-
ever, the non-linear growth of structure in MOND
with neutrinos can reproduce the power spectrum
(Skordis et al. 2006; Skordis 2009; Angus 2009;
Diaferio & Angus 2012). Although TeVe S fields
has small contribution (∼ 10−3 or less) to the
5
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Fig. 1.— The Hubble constant (in km s−1 Mpc−1) is plotted against the time delay difference (in days) of a point mass
lens model and a Hernquist Model. We use the ΛCDM cosmology for GR, and 11 eV massive sterile neutrino cosmology for
MOND. The dashed line is the point mass model in GR, the dotted-line the Hernquist model in GR, the dot-dashed line the
Hernquist model in MOND, and the solid line is the point mass model in deep-MOND. To put the diagram into perspective,
we consider the quasar lensing object FBQ J0951+2635. The time delay difference of this object is 16 days and is marked by
the vertical black line. For reference, H0 = 72 km s−1 Mpc−1 is marked by the horizontal black line.
background FLRW equation (Skordis 2009), this
can make it affect non-linear growth in large-scale
structure but close to GR in cosmology such as
CMB.
Skordis et al. (2006) showed that in order
to comply with the CMB observations, TeVe S
needed (ΩB,Ων ,ΩΛ) = (0.05, 0.17, 0.78) and 2 eV
massive neutrinos (treated as non-relativistic par-
ticles). However, in this model, the predicted
third acoustic peak of CMB is lower than what
is observed. McGaugh (1999) proposed a simple
Ansatz for CMB problem in MOND: any rela-
tivistic MOND theory should contain GR in the
appropriate strong-field limit. Angus (2009) esti-
mated the gravity before recombination is pretty
strong than MOND effect around 570a0.
Then, Angus (2009) proposed a model with 11
eV sterile neutrinos and got a better fit to the
third peak. (11 eV sterile neutrino is consistent
with the analysis of Miniboone experiment which
gave the mass range of sterile neutrinos as 4 eV
to 18 eV Giunti & Laveder (2008)). The ster-
ile neutrino cosmological model of Angus (2009)
is (ΩB,Ωνs ,ΩΛ) = (0.05, 0.23, 0.72) and mνs =
11eV . We use both 2 eV neutrino model and 11 eV
sterile neutrino model as our cosmological model
for angular distance calculation. In the three cases
we studied, the difference between the two models
is small. The difference in D˜LS/(D˜LD˜S) is less
than 0.4%.
4. Result and Conclusion
Basically, our model comprises three parts: (1)
a galaxy, (2) lensing, and (3) a gravity theory.
(1) We model the lensing galaxy by Hernquist’s
model. Photometric measurement of the galaxy
could give the effective radius (or half light radius)
of the galaxy, and the Hernquist radius is related
to the effective radius. The only unknown is the
total mass of the lensing galaxy, M . (2) On the
part of gravitational lensing, we consider strong
lensing. The angular position and the redshift (of
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the lens and the two images) and the time delay
difference between the two images are measured.
When a cosmological model is adopted the only
unknown is the Hubble constant H0. (3) We con-
sider MOND in the Bekenstein form. The only
unknown is the acceleration constant a0. These
three unknowns are constrained by the lens equa-
tion and time delay equation (Equations (A1) &
(15)). In this paper, we would like to assume a
gravity theory and find the mass and Hubble con-
stant. The flat rotation curve of spiral galaxies
and the Tully-Fisher relation in gas rich galaxies
give a consistent value of the acceleration constant
a0 = 1.21 × 10−10 m s−2 (Sanders & McGaugh
2002; Famaey & Binney 2005; McGaugh 2011a).
We evaluate H0 by Equation (A7) and M by
Equation (A8). The results for the three selected
systems (HE 2149-2745, FBQ J0951+263, SBS
0909+532) are summarized in Table 2.
In the two last columns of Table 2 x = a/a0
is the ratio of the acceleration at the closest ap-
proach to the MOND acceleration constant. Re-
call that x≫ 1 is the Newtonian regime and x≪ 1
is the deep MOND regime. In Table 2, we see
that the deep MOND point mass model did not
give a reasonable value of H0. This is understand-
able because these three cases are not in the deep
MOND regime. In addition, the closest approach
distance of the three cases is comparable to the
measured Hernquist radius, thus the point mass
model is not a good approximation. Recall that
the isothermal mass model in GR and the deep
MOND point mass model have an identical expres-
sion, Equation (13). The two would give the same
result (give and take for some slight difference due
to the different cosmological models). Perhaps it is
not a coincidence that these three cases are not as
successful as other time delay cases by the simple
isothermal model in GR as shown in Witt et al.
(2000).
In general, MOND gives a smaller mass than
GR, and the excess mass in GR can be interpreted
as missing mass or dark matter. In the Newtonian
regime (x≫ 1), MOND and GR should give a sim-
ilar mass. For the three cases in Table 2, mostly
x is of the order of 1 to 10 (intermediate MOND
regime). As expected the mass and Hubble con-
stant from MOND are smaller than the value com-
puted in GR without dark matter. Once again,
as in other galactic scale dynamical phenomena,
MOND gives a consistent picture of explaining the
observed excess acceleration in gravitational lens-
ing including the time delay phenomenon.
A source of uncertainty is the choice of the
interpolation function. Recall that either in the
Newtonian regime (x≫ 1) or in the deep MOND
regime (x ≪ 1), different interpolation functions
should give the same result. However, our sam-
ple lies in the intermediate MOND regime. Ta-
ble 2 shows the result from the Bekenstein form.
Other interpolation functions are expected to give
somewhat different result. In any case, the major
uncertainty comes from observation, in particular,
the time delay measurement.
The Hubble constant obtained from lensing and
time delay, of course, must be consistent with the
values from other measurements. The Hubble con-
stant sets the scale of distance. Hubble’s law re-
lates the distance of an object to its redshift. Re-
cently Riess et al. (2009, 2011) calibrated low red-
shift type Ia supernovae with Cepheids and ob-
tained a Hubble constant of H0 = 73.8 ± 2.4 km
s−1 Mpc−1. Neutrino cosmological models will not
change this value since they also give the same lin-
ear Hubble’s law at low redshifts. The H0 found
by time delay in this work (see Table 2) is consis-
tent with the value(s) by type Ia supernova data.
In Angus (2009), neutrino cosmological models
in TeVe S were considered to fit the CMD acoustic
spectrum. A 11 eV sterile neutrino model can fit
the data well. The parameters used in the model
were H0 = 71.5 km s
−1 Mpc−1, (ΩB,Ωνs ,ΩΛ) =
(0.05, 0.23, 0.72). Our result on H0 is consistency
with this (see Table 2).
In summary, this work is a first attempt to use
MOND to interpret data from gravitational time
delay. The Hubble constant evaluated for the sam-
ple in this study is consistent with the value ob-
tained from Hubble’s law and also those in the lit-
erature (see Table 2). When compared with GR
in the Hernquist model (without dark matter com-
ponent), the evaluated mass of the lens in MOND
is 27% to 43% smaller than those from GR, and
the Hubble constant is 17% to 25% smaller than
GR.
Applying a gravity theory to a static distribu-
tion of mass gives the dynamics (or equation of
motion) of a point mass or a photon in the mass
distribution. It is expected that some of the pa-
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Table 2: The evaluated mass of the lens and Hubble constant. The unit of mass is 1010 M⊙ and the unit of the Hubble
constant is km s−1 Mpc−1. x = a/a0 is a measure of the MONDian regime at the closest approach ̺0, and x± correspond to θ±.
The smaller numbers in the first four columns are results taking into account the corresponding upper and lower uncertainties.
We take ΛCDM to be (ΩB,Ωνm ,ΩΛ) = (0.05, 0.23, 0.72), 11eV νs cosmological model to be (ΩB,Ωνs ,ΩΛ) = (0.05, 0.23, 0.72),
and 2eV ν cosmological model to be (ΩB,Ων ,ΩΛ) = (0.05, 0.17, 0.78) The result of GR with isothermal model is identical to
MOND with point mass model.
Mass H0
GR MOND GR GR MOND MOND x− x+
Mass Model Hernquist Hernquist Hernquist Isothermal Hernquist Hernquist Hernquist Hernquist
Cosmology ΛCDM 11eV νs ΛCDM ΛCDM 11eV νs 2eV ν 11eV νs 11eV νs
HE 2149-2745 23.225.920.5 16.2
17.7
14.7 72.2
81.8
64.7 47.7
54.0
42.7 57.7
66.1
51.1 57.6
66.0
51.0 11.9 2.4
FBQS J0951+2635 2.93.32.6 2.3
2.5
2.1 93.3
106.6
82.9 57.5
65.7
51.1 79.5
91.7
70.0 79.3
91.5
69.9 29.2 4.1
SBS 0909+523 77.278.958.3 56.5
57.5
44.7 84.6
112.0
82.7 81.9
108.4
80.2 70.4
95.3
68.8 70.2
95.1
68.6 9.4 6.3
rameters in the dynamics are related to the mass
distribution and some of them are unique to the
underlying gravity theory. In principle, the pa-
rameters can be fixed by measuring the dynamics.
Similarly, when we apply the gravity theory to the
dynamics of the universe, some parameters are re-
lated to the energy content of the universe and
some to the theory itself.
In the case of strong gravitational lensing, if we
can assume or measure the density profile of the
mass distribution (in MOND, the profile is sup-
posed to be given by the brightness distribution),
then there remains only one unknown parameter
for the mass distribution, namely, the mass scale
(e.g., the total mass). If both the image posi-
tions and the time delay are measured, then we
can get rid of the mass scale. The remaining pa-
rameters in the dynamics are related directly (or
through a distance scale) to the gravity theory.
For instance, in MOND the remaining parame-
ters are the acceleration constant a0 and the Hub-
ble constant H0. In this article we adopted a0
from other measurements (Sanders & McGaugh
2002; Famaey & Binney 2005; McGaugh 2011a),
and the derived H0 is consistent with the value
from Hubble’s law measured by type Ia supernovae
and the value needed for fitting the CMB acoustic
spectrum by neutrino cosmological model. Grav-
itational lensing promises to provide a testing
ground for modified gravity.
We are grateful to J.M. Nester and C. Skordis
for helpful discussion and T.H. Peng for data col-
lection. We thank the anonymous referee for many
valuable comments on an earlier version of this pa-
per. This work is supported in part by the Taiwan
National Science Council Grants NSC 98-2923-M-
008-01-MY3 and NSC 99-2112-M-008-015-MY3.
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A. Lens and Time Delay Equations for the Hernquist Model in Bekenstein Form
In this appendix we write down the equations necessary for the analysis in Sections 3 & 4. The lens
equation for a spherical Hernquist lens (see Equation (15)) in Bekenstein form (α = 1, η = 0 in Equation (14))
can be written as (cf. Equation (8))
(θ+ + θ−)
(f+ + f−)θ2E
= 1 +
(g+ + g−)
(f+ + f−)θ0
, (A1)
where f± = f(θ±, θh), g± = g(θ±, θh)
f(θ, θh) =
θ [1− θhh(θ, θh)]
(θ2 − θ2
h
)
, g(θ, θh) = θh(θ, θh) , (A2)
h(θ, θh) =


1√
θ2 − θ2
h
[
π
2
− sin−1
(
θh
θ
)]
, for θh < θ
1 , for θh = θ
1√
θ2
h
− θ2 log
(
θh
θ
+
√
θ2
h
θ2
− 1
)
, for θh > θ
(A3)
and θh = rh/DL. θE and θ0 are given by Equation (10) with M being the total mass of the lens.
The time delay (difference) equation is given by (cf. Equation (9))
D˜LS
D˜LD˜S
H0∆t
(1 + zL)
=
(θ+ + θ−)
(g+ + g−)
[
q − 1
2
(θ+ + θ−)(g+ − g−)
]
+θ2E
[
p− q(f+ + f−)
(g+ + g−)
+
(θ+ + θ−)(g+f− − g−f+)
(g+ + g−)
]
, (A4)
where
p(θ+, θ−, θh) = log
(
θ+
θ−
)
+ θh [h(θ+, θh)− h(θ−, θh)] , (A5)
q(θ+, θ−, θh) =
(
θ2+ − θ2h
)
h(θ+, θh)−
(
θ2− − θ2h
)
h(θ−, θh)− θh log
(
θ+
θ−
)
. (A6)
EliminatingM from Equations (A1) & (A4), we obtain a relation between a0 and H0 in terms of observed
quantities θ±, θh, ∆t. Explicitly,
4D˜LD˜LS
D˜S
a0
cH0
=
[(θ+ + θ−)D − (f+ + f−)N ]2
(g+ + g−)2DN , (A7)
and M is given by
4D˜LS
D˜LD˜S
GH0M
c3
=
N
D , (A8)
where
N = D˜LSH0δT
D˜LD˜S(1 + zL)
− (θ+ + θ−)
(g+ + g−)
[
q − 1
2
(θ+ + θ−)(g+ − g−)
]
, (A9)
D = p− q(f+ + f−)
(g+ + g−)
+
(θ+ + θ−)(g+f− − g−f+)
(g+ + g−)
. (A10)
For a given H0, a0 is given explicitly by Equation (A7). For a given a0, Equation (A7) is a third order
equation in H0. It can be shown that only one solution is suitable.
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For other interpolation functions, we still have the lens equation and the time delay equation, but the
massM , a0, H0 cannot be separated as nicely as for the Bekenstein form. In any case, there are two relations
for three variables. If the mass can be estimated from other methods, say velocity dispersion of the lensing
galaxy, then it is possible to get a0 and H0 simultaneously.
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